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Abstract. In this paper, we show that the image of the topological fundamental group of a given space X is 
dense in the topological fundamental group of the quotient space X/A under the induced homomorphism of the 
quotient map, where A is a suitable subspace of X with some conditions on X. Also, we give some application 
to find out some properties for tv{°'' {X / A, *) . In particular, we give some condition in which ^{"^{X/A,*) is an 
indiscrete topological group. 

H 
< 

^ 1. Introduction and Motivation 

rH Let X be a topological space and ~ be an equivalent relation on X. Then one can consider the quotient 
I ^ I topological space X/ ~ and the quotient map p : X — > X/ ~. By applying the fundamental group functor on 
p there exists the induced homomorphism 

:7ri(X) ^7ri(X/~). 

It seems interesting to determine the image of the above homomorphism. Recently, Calcut, Gompf, and 
McCarthy [5] proved that if X is a locally path connected topological space partitioned into connected subsets 
and if the associated quotient space X/ ~ is semi-locally simply connected, then the induced homomorphism, 
p*, of fundamental groups is surjective for each choice of base point x £ X. They inspired the problem by one 
of the Arnold's problems on orbit spaces of vector fields on manifolds [5l Section 3.6]. 
^ D. Biss [2] introduced the topological fundamental group 'ir\°^{X,x) of a based space {X,x) as the funda- 
mental group tti{X,x) with the quotient topology of the loop space Q{X,x) with respect to the canonical 
• ^ function vr : ^}{X,x) — > tti{X,x) identifying path components. It is known that this construction gives rise a 
X homotopy invariant functor 7r\°^ : /itop* — > QTG from the homotopy category of based spaces to the category 
C3 of quasitopological groups and continuous homomorphism [3]. By applying the above functor on the quotient 
map p : X — > Xj ~, we have a continuous homomorphism : 7r*°^(X) — > ■k^'^{X/ ~). 

Let X be a topological space and Ai, A2, An be a finite collection of its subsets. The quotient space 
X/{Ai, ...,An) is obtained from X by identifying each of the sets Ai to a point. Now, let {A, a) be a pointed 
subspace of {X, a) and p : {X, a) — > {X/A, *) be the associated quotient map. In this paper, first we prove 
that if A is an open subset of X such that the closure of A, A, is path connected, then the image of p* is 
dense in tt\°^{X/A,*) and by this we show that the image of is dense in 7rJ°^(X/(Ai, A2, *), where 
the j4j's are open subsets of X with path connected closure and p : X — > X/{Ai, A2, •.•,^n) is the associated 
quotient map. Second, we prove that if A is a closed subset of a locally path connected, first countable space 
X, then the image of is also dense in 7r\°^ {X / A, *) . By two previous results we can show that the image 
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of is dense in 7rl"^{X/{Ai, A2, ...,yl„), *), where X is first countable, connected, locally path connected and 
Ai^s are open or closed subsets of X with disjoint path connected closure. Moreover, we give some conditions 
in which is an epimorphism. Also, by some examples, we show that is not necessarily onto. Finally, we 
give some applications of the above results to find out some properties of the topological fundamental group of 
the quotient space X/ {Ai, A2, ...,An). In particular, we prove that with the recent assumptions on X and the 
Ai^s, TT*i^{X/{Ai, A2, ...,An),*) is an indiscrete topological group when X is simply connected. 

2. Notations and preliminaries 

For a pointed topological space {X,x), by a path we mean a continuous map a : [0, 1] — > X. The points 
a(0) and a(l) are called the initial point and the terminal point of a, respectively. A loop a is a path with 
a(0) = a(l). For a path a : [0, 1] — > X, a^^ denotes a path such that a~^{t) = a{l — t), for all t £ [0, 1]. 
Denote [0, 1] by /, two paths a, f3 : I — > X with the same initial and terminal points are called homotopic 
relative to end points if there exists a continuous map F : I x I — > X such that 

a{t) s = 

m s = 1 

a(0) = /3(0) t = 
a(l) = /3(l) t = l. 

The homotopy class containing a path a is denoted by [a]. Since most of the homotopies that appear in this 
paper have this property and end points are the same, we drop the term "relative homotopy" for simplicity. 
For paths a, /3 : I — > X with a{l) = (3(0), a* P denotes the concatenation of a and /?, that is, a path from / 
to X such that (a * = a{2t), for < t < 1/2 and (a * f3){t) = (3{2t - 1), for 1/2 <t< 1. 

For a space {X, x), let r2(X, x) be the space of based maps from I to X with the compact-open topology. A 
subbase for this topology consists of neighborhoods of the form {K,U) = {7 G i}{X,x) \ ^{K) C f/}, where 
X C I is compact and U is open in X. When X is path connected and the basepoint is clear, we just write 
^{X) and we will consistently denote the constant path at x by e^- The topological fundamental group of a 
pointed space (X, x) may be described as the usual fundamental group tti (X, x) with the quotient topology with 
respect to the canonical map x) — > 7ri(X, x) identifying homotopy classes of loops, denoted by 7r^°^(X, x). 
A basic account of topological fundamental groups may be found in [2], [Ij and For undefined notation, see 

m- 

Definition 2.1. A quasitopological group G is a group with a topology such that inversion G — > G, 

g — )■ g^^, is continuous and multiplication G x G — > G is continuous in each variable. A morphism of 
quasitopological groups is a continuous homomorphism. 

Theorem 2.2. ([A\) 7r|°^ is a functor from the homotopy category of based topological spaces to the category of 
quasitopological group. 

A space X is semi-locally simply connected if for each point x G X, there is an open neighborhood U oi x 
such that the inclusion i : U — > X induces the zero map : 7ri([/, x) — > 7ri{X, x) or equivalently a loop in U 
can be contracted inside X. 

Theorem 2.3. Let X be a path connected space. If tt*^^{X,x) is discrete for some x £ X, then X is 

semi-locally simply connected. If X is locally path connected and semi-locally simply connected, then ir\"^{X,x) 
is discrete for all x £ X . 

3. Main Results 

In this section, {A, a) is a pointed subspace of {X,a), p : {X,a) — > (X/A,*) is the canonical quotient map 
so that q := p\x-A ■ X — A — > X/A — {*} is a homeomorphism. Also, by applying the functor 7r|°^ on p we 
have a continuous homomorphism : 7r^°^{X, a) — > 7r^^{X/A, *). 

Lemma 3.1. If A is an open subset of X, then any loops a : / — > {*} C X/A based at * is nullhomotopic. 
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Proof. Define F : I x I — > X/A by 



F{t,s) 



a(t) s = 
* s > 0. 



If wc prove that F is continuous, then i*" is a homotopy between a and e*. For this let U be an open set in 

X/A, we show that F~^{U) is open in / x /. 

Case 1: If * G i7, then F-'^{U) = F-\{*}) U (a-^U) x {0}) 

= ((/x(0,l])U x{0}) 
= (/x (0,1])U (a-^(?7) x J) 

which is open in / x /. 

Case 2: If * ^ U , then U n d{*} = since if there exists x G d{*} such that x G [/, then {*} n ?7 / which 
is a contradiction. Since ?7 n {*} = (?7 n {*}) U {U r\ d{*}) = and a(I) C {*}, hence F^H^) = ^- ^ 

Theorem 3.2. iyet A he an open subset of X such that A is path connected, then for each a E A the image of 
Pit is dense in Trl"^{X/A,*) i.e: 

p.n{°^{X,a)=7:T{X/A,*). 

Proof. Step One: First we show that for every loop a : {I,dl) — > {X/A,*) such that a^^({*}^) is connected, 
[a] G Im(j)*). By assumption and openness of {*} in X/A, there exists si,S2 G (0,1) such that Q!~^({*}'^) = 
[si, S2]. Since a~^{{*Y) is compact subset of /, it suffices to let s\ = inf{a~^{{*Y)} and S2 = sup{a~^ {{*Y)} . 
Let a : [si,S2] — > X by oi{t) = q~^{a{t)), then a{s\),a{s2) G A. Since if G is an open neighborhood of 
a{si) and G D A = 0, then g(G) = p{G) is an open neighborhood of a{si). Using continuity of a, there 
exists an open neighborhood J of si in / such that a(J) C G. On the other hand, by definition of si, 
for all s < Si, a{s) = * which implies that * G g(G) which is a contradiction since * ^ Im{q). Similarly 
a(s2) G A. Since A is path connected, there exist two paths Ai : [0, si] — > A and A2 : [s2, 1] — > A such that 
Ai(0) = A2(l) = a, Ai(si) = a(si) and A2(0) = a{s2). Define a : I — > X by 

!Ai(t) 0<t<si 
0({t) Sl <t < S2 
Ht) S2<t<l. 

By gluing lemma a is continuous, so it remains to show that poac^a rel{*}. Put cci = q;|[o,si]j 0:2 = «|[s2,i] 
and let ifi : [0,1] — > [0, si] and (p2 : [0,1] — > [^2,1] be linear homeomorphisms such that </?i(0) = and 
^2(0) = 52, then p o Aj o ~ ctj o (p^, rel{Q, 1} since the [po \ o ipj) o (aj o (^j)~^'s are loops in {*} which by 
Lemma 3.1 are nuUhomotopic. 

Step Two: By continuity of a, Oi~^{{*Y) is a closed subset of I. Connected subsets of / are intervals or one 
point sets, also connected components of ot~^{{*Y) ^"^^ closed in Ci~^{{*Y) ^'^^ so compact in /. Therefore a 
component of oi~'^{{*Y) is either closed interval or singleton. Given [a\ G 'Ki{X/A, *), we show that there exists 
a sequence of homotopy classes of loops {[anJjneAf in Ifn{p^) such that [an] — > [a] in 'k^-^{X/A, *). 

We claim that the number of non-singleton components of Q:'~^({*}'^) is countable. Let S be the union of 
singleton components of and for each n G N, i?„ be the set of non-singleton components of oi~^{{*Y) 

with length at least 1/n. Each Bn is finite since if is infinite, then it has at least ri + 1 members. Therefore 
UceSn ^ — ^~^^{*}^) — ^ which implies that 

(n + 1) X 1/n < ^ diam{C) < diam{I) = 1 

which is a contradiction. Thus each Bn is finite which implies that B = (J^^j^ Bn is countable. Rename elements 
of B by li = [ttj, bi], i e J = {1, 2, s}, where s = \B\ if B is finite and i G N = J if S is infinite. For every 
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n E J define 

y * otherwise. 

If B is finite, put = "sj for every n > s. We claim tliat tlie a^'s are continuous. For, il V C. X/A is open, 
then 

i) If * G V, then 

ar'(V^) = [0,ai)U(6i,l]Ua|[;;,^](F) 
which by continuity of a is open in /. 

ii) If * ^ y, then we show that ai^{V) = a\'^J^ ~ '^\{ai 61)^^) '^^i^h guaranties a~^{V) is open. For this 
it suffices to show that ai(ai), ai(6i) ^ V. 

For each n G N, a{an),Ci{bn) G {*} and {a(a)| a E S} C. {*}. For, if G is an open neighborhood of a{an), 
then a-^{G) is an open neighborhood of a„, so there exists e > such that (a„ — + e) ^ a ""^(G) or 
equivalently a((a„ — £, a„ + e)) C G. If * ^ G, then (a^ — e, + e) C a~^{{*Y) which is a contradiction since 
[an,6n] is a connected component of q;~^({*}"^). Similarly a{bn) G {*} for each n G N and a{S) C {*}. Thus if 
Q^i(^i) = Q'(^i) G y, then 1/ must meet {*} which is a contradiction since * ^V. Therefore ai is a continuous 
loop such that [ai] G Im{p*). Similarly all the a„'s are continuous. Also, for every n G N, [a„] is a product of 
n homotopy classes of loops which are similar to loops introduced in Step 1. This implies that [q;„] G Im{p^) 
since Im{p^) is a subgroup. 

Now wc show that the sequence {«„} converges to a. Let a G (.fC, C/), where if is a compact subset of / and 
U is an open subset of X/A., then 

i) If * G U, then for each n G N, a„ G< if, C/ > since for each t e K, a„(t) is a{t) or * which in both cases 
a{t) G U. 

ii) If if C and if fl 5 / 0, then there exists a G if n 5 C a~^{U), so a(a) G C/, but a(a) G {*} and 
U is open. Thus * G [7 and by (i), for each n, an{K) C U. 

iii) If if C in and there exist ni, n2, such that if C IJ*^^ i^., then by definition of the a„'s, for each 
n > max{ni, ...,ns} we have a;„(if) C U. 

vi) If if C in and there exists an infinite subsequence {in^} such that Knlnj. ^ 0, then there is a sequence 
{a^nrl^nr ^ -f^nin^} such that it has a subsequence {xn^^} converges to an element of if, b say, by compactness 
of if. Since 6 G if C a~^{U), there exists £ > such that {b — £,b + e) C a~^{U). Also, there exists sq such 

that for each s > sq , Xn^^ € (b — e/2, b + e/2) since Xn^^ — t- b. Since diam{In) — > 0, there is no such that for 
each n > riQ , diam{In) < e/2. Choose si G N such that si > sq and n,.^^ > no, then Xn^^^ G (6 — e/2, 6 + e/2). 
Also Xrir^^ G if n lur,^ and diam{Inr^^ ) < e/2, so flnr,^ ^ -^ht.^^ ^ (6 — e,5 + e) C a'^^iU) which implies that 
a{anr^ ) G [/ and therefore * G C/ since a(an^^ ) G d{{*}). Using (i) Q:n(if) C U, for each n G N. 

□ 

Definition 3.3. Let X be a topological space and Ai,A2, ...,An be any subsets of X, n G N. By the quotient 
space X/{Ai, ...,An) we mean the quotient space obtained from X by identifying each of the sets Ai to a point. 
Also, we denote the associated quotient map by p : X — > X/{Ai, A2, ...,y4„). 

Corollary 3.4. If Ai,A2 are open subsets of a path connected space X such that ^1,^2 o,re path connected. 
Then for every a G ^1 U 

p^TT^XX^a) = 7rl'^iX/{A,,A2), *). 

Proof. We can assume that the AiS are disjoint. If they are not disjoint, the result follows from Theorem 
3.2. Let pi : X — > X/Ai, p2 : X/Ai — > X/{Ai,A2) be associated quotient maps and ai = a e Ai. By 

Theorem 3.2, (pi)*7r*°^(X, o-i) = 7r{"^{X/Ai,*i), where *i = pi(ai). Since X is path connected, so is X/Ai. 
Also, pi{A2) is an open subset of X/Ai and the closure of ^1(^2) in X/Ai is path connected. Let 02 G pi{A2), 

then (p2)*7rfP(X/Ai , 02) = Tr{°^{X/{Ai,A2), *2), where *2 = P2{a2)- Since X/Ai is path connected, there exists 
a homeomorphism ipi : 7r*°^(X/>li, *i) — )■ 7r*°^(X/>li, 02) by (^i([a]) = [7 * a * 7"^], where 7 is a path from 02 
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to *i. We have (^2)* 0^1° (pi)*(vrf^(X, a)) 5 ((^2)* o V3i)((pi)*(vrf^(^, a))) = (fe)* o (^i)(7rf^(X/^i, *i)) = 
{P2)*'^i^iX/Ai,a2) = Im{p2)* which impUes that Im{p2)* o o (p^)^ is dense in Tri{X/{Ai, A2),*2)- If 7' = 
P2 o 7, then (^2 : 7r{"^(X/ (^1, ^2), *2) — > n\"^(X/ (^1, ^2), *i) by 992([q;]) = [7'^^ * q * 7'] is a homeomorphism. 
Hence Im{ip2 o (^2)* o (^1 o (pi)*) is dense in 7r*°^(X/(^i, A2), *i). Moreover (^2 o (^2)* o (^1 o (pi)* = p* which 
imphes that Im{p*) is dense, as desired. □ 

By induction and Corollary 3.4, we have the following results. 

Corollary 3.5. Let Ai, A2, An be open subsets of a path connected space X such that the Ai's are path 
connected for every i = l,2,...,n. Then for every a G UILi 



p.7rf^(X, a) = 7rf^(X/(^i, ^2, ^n), *)• 

Corollary 3.6. Let Ai,A2, ■■■■,An he open subsets of a connected, locally path connected space X such that the 
Ai 's are path connected for every i = 1,2, n. // X/ {Ai,A2, An) is semi-locally simply connected, then for 
each a G Ur=i^*' P* ' — ^ t^*i^{X/{Ai,A2, ...,An,*) is an epimorphism. 

Proof. Let U be an open neighborhood of x G {X/Ai) \ {*}. Since X is locally path connected, there is a 
path connected open neighborhood U C p~^{U) of x = q~^{x) such that U <^ Ai = 0. Then V := p{U) = 
q{U) C [/ is a path connected open neighborhood of x. Xj A\ is locally path connected at * since {*} is an 
open subset of XjAx. Let \J be an open neighborhood of x G (?({*}), then there exists a path connected open 
neighborhood C/ C p'~^(JJ) of x. Since = C/ U A\, p{U) is a path connected open neighborhood 

of X in U. Therefore X/Ai is locally path connected. Similarly X/{Ai,A2, ■■■,An) is connected, locally path 
connected. Since X/{Ai,A2, ■■■,An) is a connected, semi-locally simply connected and locally path connected 
space, by Theorem 2.3, 7r*i°^(X/(Ai, ^2, ...,A n),*) is a discrete topological group which implies that /m(p*) = 
7rf*'(X/(^i, A2, An), *) by Corollary 3.5. □ 

In the following example we show that with assumption of Theorem 3.2, p* is not necessarily onto. 

Example 3.7. Let An = {l/(2n - 1), l/2n} x [0, 1 + l/2n] {J[l/2n, l/2n - 1] x {1 + l/2n} for each n G N. 
Consider X = (UneN^«) U{0} x [0; 1] U[0; 1] x{0} '^^h a = (0,0) as the base point and A = {{x,y) e X \ y < 1} 
(see Figure 1). A is an open subset of X with path connected closure. Assume In = {1/2 + 1 /2{n+l), l/2+l/2n\ 
and fn be a homeomorphism from In to An — {(l/2n, 0)} for every n G N. Define f : I — > X by 



m 



the point {0,2t) tG [0,1/2] 

fnit) t G /„ 



We claim that a = po f is a loop in X/A at *. It suffices to show that a is continuous ont = 1/2 and boundary 
points of In's since f is continuous on [0, 1/2) and by gluing lemma on [jint{In). Since a is locally constant 
at t = 1/2 + l/2n for each n eN, a is continuous at boundary points of In- For each open neighborhood G of 
/(1/2) = (0, 1) in X, there exists ng G N such that G contains An{~\A'^ for n > uq. Therefore continuity at 
t = l/2 follows from a(l/2) G {*}. Now let B <ZN and define 



qr,(t) = l ^P°f^^^^ t^UmeB^n., 
^ ' 1^ * otherwise. 



Then gs is continuous and for .61,-62 ^ N such that Bi 7^ B2, [gBi] 7^ [9B2] which implies that 7ri{X/A,*) is 
uncountable. But by compactness of I, a given path in X can traverse finitely many of the An 's and therefore 
TTi {X, a) is a free group on countably many generators which implies that p does not induce a surjection of 
fundamental groups. 

Let {X, x) be a pointed topological space such that {x} is closed. If a : [0, 1] — > X is a loop in X based at 
X, then a~^{{x}) is a closed subset of [0, 1]. Its complement, a~^{{x}'^) is therefore the union of a countable 
collection of disjoint open intervals. We denote this collection of intervals by Wq,. 



A DENSE SUBGROUP OF TOPOLOGICAL FUNDAMENTAL GROUPS OF 

A. 



Figure 1. 

Definition 3.8. Let {X, x) be a pointed topological space. A loop a in X based at x is called semi-simple if 
= {(0,1)} and is ca//ec? geometrically simple ifWa has one element. IfWa is finite, then the loop a is 
called geometrically finite [lOj . 

Lemma 3.9. Every geometrically simple loop is homotopic to a semi-simple loop. 

Proof. Let a be a geometrically simple loop at x ^ X. Then there are r, s S [0, 1] such that a~^{{x}'^) = (r, s) 
and a{r) = a(s) = x. Let (3 := a\\r^s] aiid ip : [0,1] — > [r,s] be a linear homeomorphism, then /3 o is a 

□ 



semi-simple loop at x and a ~ /3 o 

In the sequel, for a semi-simple loop a : I 
a closed subset of a topological space X. 



X/A denote a = q 



o a 



(0,1) 



:(0,1) 



(X — A), where A is 



Lemma 3.10. Let A Q X be a closed subset of X and a be a semi-simple loop at * in X/A. If limt^Qa{t) and 
limt^ia{t) do not exist, then for each to G (0,1), there are bo,bi G A such that bo is a limit point o/5((0,to)) 
and bi is a limit point ofa{{tQ, 1)). 

Proof. Let to G (0, 1) and by contradiction suppose each b £ A has an open neighborhood Gb such that 
Gb n 5((0, to)) = 0, then G = IJbeA is an open neighborhood of A and so p{G) is an open neighborhood of 
* (since p~^{p{G)) = G) such that does not intersect Q((0,to)) which is a contradiction to continuity of a. □ 

Theorem 3.11. If A is a closed path connected subset of a locally path connected space X such that every point 
of A has a countable local base in X , then for each a £ A 



p,<^(X,a) = <^(XM,*). 

Proof. Step One: Let [a] G tti{X/A,*), where a is a semi-simple loop in X/A at *. 

Case 1 : Assume oq = limt^oa{t) and ai = limt^ia{t) exist, so ao,ai G A and we can define a path a : I 



X 



such that a|(o,i) = a(0) = ao, a(l) = ai- Since A is path connected, there exist paths Ao,Ai : / — > A such 
that Ao is a path from a to oq and Ai is a path from oi to a. Therefore Aq * a * Ai is a loop at a such that 
j5*([Ao * a * Ai]) = [a]. 

Case 2: If at least one of the above limits does not exist, then we make a sequence {[a„]}„gN in Im{p^) so 
that converges to [a]. Without lost of generality, assume oq = limt^oa{t) exists and ai £ A is a limit point of 
5((l/2, 1)) by Lemma 3.10. We can define a continuous map a : [0, 1) — > X such that a|(o,i) = 5, a(0) = oq. 
By hypothesis, there is a countable local base {Oi}igpj for oi. Let {GjjjgN be a sequence of open neighborhood 
of ai such that Gi = Oi D ... D Oi. Since X is locally path connected and the Gj's are open neighborhoods of 
ai, there exist path connected open neighborhoods G[ C d of ai. Since the point oi is a limit point, there 
are ti £ (1/2, 1) such that a{ti) £ G[, ti < ti+i, tn — > 1 and there are paths 7, : [ti, 1] — G'^ from a{ti) to 
ai, for all i £ N. Since A is path connected, there exist paths Ao,Ai : I — A such that Aq is a path from 
a to ao and Ai is a path from ai to a. Let a„ := Ao * «|[o,i„] ° * In ° Cn * Ai, where '■ [0, 1] — > [0, tn] 
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and Cn '■ [0, 1] — > [tn, 1] are increasing linear homeomorphisms. Note that every a„ is a loop in X at o and if 

Pn-=P° (7noCn), then 

"n := P o an = e* * Q:|[o,t„] o * * e* 
is a loop in X at * and p*([an]) = [a^]. Define an : I — > X/A by 

a{t) 0<t<tn 

P°7n{t) tn<t<l 
which is a, loop cit ^ ctnd [g^ylI — \_^n 

]. Thus it suffices to prove that q;„ — > a. If o; G {K, U), where K is a 
compact subset of [0, 1] and U is an open subset of X/A, then 

i) If * ^ U, then K fl a~^{*) = 0. Let m G N such that tm > max K. Since for each t e K, t < tm, 

otnit) = ctit) G U, for all n > m which implies that an{K) = a{K) C U, for each n > m. 

ii) If * € t/, then p^^{U) is an open neighborhood of A, thus there exists m G N such that G'„ C for 
each n > m. Therefore Im{'^n) ^ G*^ which implies that Im{poXn) C ?7. Thus for all t ^ K and n > m we have 



a„(t) 



Q;n(i) 



a(t) eU t£ [0,tn] 



Therefore for a semi-simple loop a in X/A we have [a] G Im{p^). Similarly, for every loop a such that a ^({*}) 
is finite, [a] G Im{p^) which implies that the homotopy class of every geometrically finite loop belongs to Im{p^) 
by Lemma 3.9. 

Step Two: If a is not geometrically finite, Wa is countable since every open subset of / is a countable union of 
open intervals. Let Ij = Lj where Wa = G N} and let 

_ / a{t) tehu ... U/. 



a (t) = <i ^^"^ " ^ ^ ••• 

[ * otherwise, 



then [aj] G Ira{p^) since ctj's are geometrically finite. 

Since {l7n{p^)) = Im{p^:), it suffices to show that aj — > a. For, if q G {K, U) for a compact subset K of [0, 1] 
and an open subset U of X/A, then 

i) If * G [/, then for each t e K and j G N, Q;j(t) takes value a{t) or * which in both cases belongs to U, so 

aj{K) C [/, for ah j G N. 

ii) If* ^ U, then ifna~^({*}) = 0, so K C UjLj. By compactness of K we have K C U^Lj^, for s = 1,2, uk- 
Let M = max{js\s = 1,2, ...,nK}, then aj(if) = Q!(ii') C U, for each j > M. 

□ 

Corollary 3.12. Let Ai, A2, An be disjoint path connected, closed subsets of a first countable, connected, 
locally path connected space X . Then for every a G UILi 

p.TT{"^{X,a) = T,{°^{X/{A^,A2,...,An),*). 

Proof. Let pi : X/{Ai, A2, ...,v4j_i) — > X/(Ai, A2, ...,Ai). Since every point of each pi^i{Ai) has a countable 
local base in the connected, locally path connected space X/{Ai, A2, Ai^i), by Theorem 3.11 the result 
holds. □ 

Corollary 3.13. Let Ai, A2, An be disjoint path connected, closed subsets of a first countable, connected, 
locally path connected space X such that X/{Ai,A2, ...,An) is semi-locally simply connected, then for each 
a G \J^=i Ai, p* : Tri{X,a) — > tti{X/ {Ai, A2, An, *) is an epimorphism. 

Proof. Since X/(Ai,A2,...,An) is connected, locally path connected and scmi-locally simply connected space, 
7rl"^{X/ {Ai,A2, ...,An), *) is a discrete topological group which implies that Lm{p^) = tti{X/ {Ai,A2, An), *) 
by Corollary 3.12. □ 

In the following example, we show that the condition locally path connectedness for X is necessary in Theorem 
3.11. 
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Example 3.14. Let Xi = {{x , sin{2TT / x)) £ R'^\ < x < 1}, X2 = {{x,y) G M^] + 2^ = 1 , y < 0}, 
X3 = {(x,0) e M^l -1 < X < 0} and A = {{0,y) G M^j - 1 < y < 1}. If X = Xi U X2 U X3 U A, then 
7ri(X, xo) = and tti{X/A,*) = Z. Since X/A is locally path connected and semi-locally simply connected 
space, ■k\°^{X/A,*) is discrete which implies i/iai p*(7r*°^(X, xq)) 7^ tt\"'^ {X / A, *) . 

In the next example, we show that with conditions of Theorem 3.11, is not necessarily an epimorphism 
and hence the hypothesis semi-locally simply connectedness in Corollary 3.13 is essential. 

Example 3.15. Let C„ = {(x, y) e M^j (^^ - + y^ = for n G N, HEo = [jn& ^2n-i, HE^ = U„eN ^Sn 
and X = {HEq x {0}) U {HE^ x {1}) U A, where A = ({(0,0)} x /). One can easily see that X/A is the 
Hawaiian earing space. Let a he the loop in X/A that traverse p{Ci),p{C2), ■■■ in ascending order. By structure 
of the fundamental group of the Hawaiian earing [6], [a] ^ Im{p^) since i/p*([/8]) = [a], the loop /3 must traverse 
infinitely many times A which is a contradiction to the continuity of (3. 

Corollary 3.16. Let Ai, A2, An be subsets of a first countable, connected, locally path connected space X 
with disjoint path connected closure such that each Ai is open or closed. Then for a £ UILi 

p,^f^(X,a) = 7r'{'^{X/{Ai,A2, ...,An), *). 

Proof. If A is open and B is closed subset of X such that AOB = 0, then there exists a countable local base in 
b £ B such that every basic subset of B does not intersect A. On the other hand, X/A is locally path connected. 
By the proof of Corollaries 3.5 and 3.12 the result holds. □ 

4. SOME APPLICATIONS 

After that Biss [2] equipped the fundamental group of a topological space and named it topological funda- 
mental group, Fabel fl] showed that topological fundamental groups can distinguish spaces with isomorphic 
fundamental groups. Hence studying the topology of fundamental groups seems important. In this section we 
specify the topology of tt\°^{X/ {Ai, A2, An), *) for some special cases. 

By {X, Ai, A2, An) we mean an (n + l)-tuple of spaces with one of the following conditions (*): 

(i) : The Ai^s are open subsets of X with path connected closure. 

(ii) : X is a connected, locally path connected, first countable space and the Ai^s are open or closed subsets of 
X with disjoint path connected closure. 

Theorem 4.1. For an {n + l)-tuple of spaces {X, Ai, A2, An) with assumption (*), if X is simply connected, 
then 7r*°^(X/(j4i, j42, ...,An),*) is an indiscrete topological group. 

Proof. Since X is simply connected, {[e*]} is a dense subset of it\°^{X/{Ai, A2, by Corollaries 3.5 and 
3.16. For every 1 7^ [a] G -k*^^(X/(Ai, A2, An)), the left multiplication L[q,] is a homeomorphism which 
implies that {[a]} is also dense. Hence every nonempty open subset of tt\°^{X/ {Ai, A2, An), *) contains every 
point of tt\"P{X/{Ai,A2, An),*). □ 

If U is an open cover of a connected and locally path connected space X, then the subgroup of tti{X,x) 
consisting of all homotopy classes of loops that can be represented by a product of the following type: 

n 

i=i 

where the Uj's are arbitrary paths (starting at the base point x) and each Vj is a loop inside one of the 
neighborhoods Uj S U, is called the Spanier group with respect to U, denoted by T:{hl,x) [131 [H]. Let U,V be 
two open covers, and let U he a refinement of V. Then Tr{l/(,x) < 7r(V,x).This inclusion relation induces an 
inverse limit defined via the directed system of all covers with respect to refinement. H. Fischer et all [8] called 
such inverse limit the Spanier group of the based space {X,x) and denoted it by 7rJ^(X, x). The authors |T2] 
introduced Spanier spaces which are spaces such that thier Spanier groups is equal to their fundamental groups. 
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Also, the authors prove that for a connected and locally path connected space X, {1} C 7r^^(X, x). Using this 
we have the following corollary that guaranty the existence of the Spanier spaces. 

Theorem 4.2. For an (n+l)-tuple of spaces {X, Ai, A2, An) with assumption {*), if X is simply connected, 
then X/{Ai,A2, ...,A n) is an Spanier space. 

In the following example, we show that there exists a simply connected, locally path connected metric space 
X with a closed path connected subspace A such that X/A is not simply connected and by Theorem 4.1 
'k'°^{X/ A,*) is an indiscrete topological group and hence is a Spanier space. 

Example 4.3. Using definitions of Example 3.15, let CHEq and CHEe be cones over HEq and HEg with 
height ^ and let X = CHEq U CHE^ U A. By the van Kampen theorem, X is simply connected, hut X/A is not 
simply connected [9j. 

Theorem 4.4. For an {n+l)-tuple of spaces {X, Ai,A2, ...,An), ifTT^^{X, a) is compact and 7rJ°^(X/(Ai, A2, 
An),*) is HausdorjJ, then p^, is an epimorphism and so is a closed quotient map. 

Proof. Im(p^:) is compact and therefore closed that since p^ is continuous. By Corollaries 3.5 and 3.16, 
7rl"^{X/{Ai, A2 , ...,An),*) = Im{p^) = Im{p^) which implies that p^ is onto. □ 

Theorem 4.5. For an {n+l)-tuple of spaces {X, Ai,A2, ...,An), ifiT\°^{X, a) is compact and 7rJ°^(X/(Ai, A2, 
An),*) is Hausdorff, then either tt^^ {X/ {Ai, A2, An),*) is a discrete topological group or uncountable. 

Proof. liTT^"'P{X/{Ai,A2, ...,^„), *) has at least one isolated point, then every singleton is open since left transla- 
tions L[q] : -K^°^{X/A, *) — y tt\°^^{X/A, *) by L[q,]([/3]) = [a*/3], are homeomorphism for every [a] £ 'k^^{X/A, *). 

Thus ^^"^{X/iAi, A2, An),*) is a discrete topological group. By Theorem 4.4, tt^"^ {X/ {Ai, A2, An),*) is 
compact and if has no isolated point, it is uncountable since a nonempty compact Hausdorff space without 
isolated points is uncountable [11, Theorem 27.7]. □ 

Corollary 4.6. For an {n -\- 1) -tuple of spaces {X, Ai, A2, An), if 7r^^{X, a) is a compact, countable qua- 
sitopological group, then either Xj (^1, ^2, ^n) semi-locally simply connected or 7r\°^{X/ {Ai,A2, ...,An), *) 
is not Hausdorff. 

Proof. Let it\°^{X/{Ai, A2, ...,An),*) be Hausdorff, then p=K is onto by Theorem 4.4. Since 7rJ°^(X, a) is count- 
able, 7r*°^(X/(j4i, j42, j4„), *) is countable. Theorem 4.5 implies that Tr\"'^{X/{Ai, A2, An),*) is a discrete 
topological groups. Hence X/ {Ai, A2, An) is semi-locally simply connected. □ 

Corollary 4.7. For an (n+l) -tuple of spaces {X, Ai, A2, An), if ir^"^ {X , a) is finite and'K^^{X/{Ai, A2, An 
),*) is Hausdorff, then tt^^ {X/ {Ai, A2, An),*) is finite and X/{Ai, A2, An) is semi-locally simply con- 
nected. 

Proof. By Theorem 4.4, p^ is onto which implies that t:*°^{X/ {Ai, A2, An),*) is finite. The last assertion 
follows from Corollary 4.6. □ 
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